Recently, Chen et al. (Appl. Math. Lett. 25:692-697, 2012) introduced the concept of the cone ball-metric and studied the common fixed-point theorems for the stronger Meir-Keeler cone-type function in cone ball-metric spaces. The purpose of this paper is to establish the coupled fixed-point theorems for nonlinear contraction mappings, which have a mixed monotone property by using the cone ball-metric. Also, we give some examples to validate our main results. At the end of this paper, we give an open problem for further investigation. MSC: 47H10; 54H25
Introduction
Fixed-point theory has been the most attractive topic to hundreds of researchers since  with the celebrated Banach's contraction principle [] . This principle provides a technique for solving a variety of applied problems in various branches of mathematics. Moreover, it provides the applications in many fields such as chemistry, biology, statistics, economics, computer science, and engineering. The Banach's contraction principle has been extended and improved by many mathematicians (see [, , , , , -] and others).
In , the Banach's contraction principle was extended to metric spaces endowed with a partial ordering by Ran In , Bhaskar and Lakshmikantham [] first introduced the concept of the mixed monotone property. Furthermore, they proved some coupled fixed-point theorems for mapping that satisfy the mixed monotone property and give some applications in the existence and uniqueness of a solution for a periodic boundary value problem On the other hand, the concept of cone metric spaces is a generalization of metric spaces, where each pair of points is assigned to a member of a real Banach space with a cone. This cone naturally induces a partial order in the Banach spaces. The concept of the cone metric space was reintroduced in the work of Huang and Zhang [] where they also established the Banach's contraction mapping principle in this space. Afterward, several authors have studied fixed point and coupled fixed-point problems in cone metric spaces. Some of these works are noted in [-, , , , , ]. Recently, Chen et al. [] introduced the concept of cone ball-metric spaces and proved some fixed-point theorems in these spaces for mappings satisfying a contraction involving a stronger Meir-Keeler cone-type function.
u (t) = f t, u(t) , t ∈ [, T], u() = u(T)
Motivated by the interesting concept of cone ball-metric spaces of Chen et al. [] , in this paper, we establish some coupled fixed-point theorems for a contraction mapping induced by the cone ball-metric in partially ordered spaces and also study the condition claim of the uniqueness of a coupled fixed point. An open problem is also given at the end for further investigation.
Preliminaries
In this section, we shall recall some definitions and mathematical preliminaries.
Definition . Recall that a binary relation on a nonempty set X is said to be an order relation (and X equipped with is called a partially ordered set) if it satisfies the following three properties:
(i) reflexivity: x x for all x ∈ X, (ii) antisymmetry: x y and y x imply x = y, (iii) transitivity: x y and y z imply x z.
Throughout this paper (X, ) denotes a partially ordered set. By x y holds, we mean that y x holds and by x ≺ y holds we mean that x y holds, but x = y. If (X, ) is a partially ordered set and f : X → X is such that, for all x, y ∈ X, x y implies f (x) f (y), then a mapping f is said to be nondecreasing. Similarly, a nonincreasing mapping is also defined.
Definition . ([]
) Let (X, ) be a partial ordered set and F : X × X → X be a mapping. The mapping F is said to has the mixed monotone property if F is monotone nondecreasing in its first argument and is monotone nonincreasing in its second argument, that is, for any x, y ∈ X,
and
) Let X be a nonempty set. An element (x, y) ∈ X × X is called a coupled fixed point of the mapping F : X × X → X if x = F(x, y) and y = F(y, x). http://www.fixedpointtheoryandapplications.com/content/2012/1/128
Next, we give some notations and lemmas of cone metric spaces which are reintroduced by Huang and Zhang [] .
Let E be a real Banach space and  E denote the zero element in E. A cone P is a subset of E such that (C  ) P is nonempty closed and P = { E }; (C  ) if a, b are nonnegative real numbers and x, y ∈ P, then ax + by ∈ P; (C  ) P ∩ (-P) = { E }.
For any cone P ⊂ E, the partial ordering ≤ E with respect to P defined by x ≤ E y if and only if y -x ∈ P. We write x < E y to indicate that x ≤ E y, but x = y, while x y stands for y -x ∈ int(P), where int(P) denotes the interior of P.
A cone P is said to be normal if there is a number K >  such that, for all x, y ∈ E,
The least positive number satisfying above is called the normal constant of P. The cone P is said to be regular if every increasing sequence which is bounded from above is convergent, that is, if {x n } is a sequence in E such that
for some y ∈ E, then there is x ∈ E such that lim n→∞ x n -x = . Equivalently, the cone P is said to be regular if every decreasing sequence which is bounded from below is convergent. It is well known that a regular cone is a normal cone (see also [] ).
Remark . ([]) ()
If E be a real Banach space with a cone P in E and a ≤ E ka, where a ∈ E and  < k < , then a =  E .
() If c ∈ int(P),  E ≤ E a n and a n →  E , then there exists a positive integer N such that a n c for all n ≥ N .
Lemma . ([]
) If E be a real Banach space with a cone P in E, then we have the following: Using the notation of a cone, we have following definitions of cone metric space.
Definition . ([]
) Let X be a nonempty set and E be a real Banach space equipped with the partial ordering ≤ E with respect to the cone P ⊂ E. Suppose that the mapping d : X × X → E satisfies the following conditions: 
Then d is called a cone metric on X and (X, d) is called a cone metric space.
For other basic properties on a cone metric space, the reader can refer to [] . Next, we give the concept of a cone ball-metric space introduced by Chen et al.
[] and its properties.
In the following, we always suppose that E is a real Banach space endowed with a cone P with the apex at the origin  E , int(P) = ∅ and a linear ordering ≤ E with respect to P. 
Definition . ([]) Let (X, B) be a cone ball-metric space and {x n } be a sequence in X. We say that {x n } is called:
for some x ∈ X. Here, x is called the limit of the sequence {x n } and is denoted by lim 
Definition . Let (X, B) be a cone ball-metric space. A mapping F : X × X → X is said to be continuous if for any two convergent sequences {x n } and {y n } converging to x and y in X, respectively, then {F(x n , y n )} is convergent to F(x, y).
Existence of coupled fixed point in cone ball-metric spaces
Let denote the class of all functions δ :
which satisfies the following condition. For any sequences {a n } and
Let E = R be a usual norm space with a cone P = {z ∈ R|z ≥ } and X = R be a cone metric space with a metric d(x, y) = |x -y| for all x, y ∈ X. The following are examples of the functions in under above setting:
Next, we prove our main theorems.
Theorem . Let (X, ) be a partially ordered set and B be a cone ball-metric induced by the cone metric d on X with a regular cone P such that (X, B)
is a complete cone ball-metric space. Let F : X × X → X be a continuous mapping having the mixed monotone property on X. Suppose that there exists δ ∈ such that
for all x, y, z, u, v, w ∈ X for which x u w and y v z. If there exists x  , y  ∈ X such that
then F has a coupled fixed point, that is, there exist x, y ∈ X such that x = F(x, y) and y = F(y, x).
Proof We construct two sequences {x n }, {y n } in X such that, for all n ≥ ,
First, by induction, we show that, for all n ≥ ,
x n x n+ and y n y n+ .
Assume that (.) holds for some n ≥ . Then we get
(  .  )
Since F has the mixed monotone property, it follows from (.) and (.) that
for all x, y ∈ X. From (.) and (.), we have
for all x, y ∈ X. If we take y = y n and x = x n in (.), we get
If we take y = y n+ and x = x n+ in (.), we get
From (.) and (.), we also have Consequently, by induction, we have (.) holds for all n ≥ . This implies
If there exists an integer number n ≥  such that
which implies x n = x n + and y n = y n + . Therefore, x n = F(x n , y n ) and y n = F(y n , x n ) and so (x n , y n ) is a coupled fixed point of F. Now, we assume that B(x n+ , x n+ , x n ) + B(y n+ , y n+ , y n ) > E  E for all n ≥ . Since x n- x n and y n- y n for all n ∈ N, by (.) and (.), we have
(.) So, we have the sequence {B n } defined by B n := B(x n , x n , x n- ) + B(y n , y n , y n- ) is a decreasing sequence. Since P is regular, there exists
Since δ ∈ , we have B(x n , x n , x n- ) →  E and B(y n , y n , y n- ) →  E and then
which contradictions with B > E  E . Consequently, we must get
By the property (B  ), we have
Now, we show that {x n } and {y n } are Cauchy sequences in cone ball-metric space (X, B). Suppose on the contrary that at least one of {x n } and {y n } are not a Cauchy sequence in (X, B). Then there exists ∈ E such that  E and sequences of positive integers {n(k)} and {m(k)} such that for all positive integers k,
(.) http://www.fixedpointtheoryandapplications.com/content/2012/1/128
Further, for the integer m(k), we can choose n(k) is the smallest integer for which (.) holds. Then we have
Using (.) and (.) and the rectangle inequality, we have
Letting k → ∞, we have
By the rectangle inequality, we get
Taking k → ∞ and using (.), (.), and (.), we get
which contradictions with (.). Therefore, {x n } and {y n } are Cauchy sequences in (X, B).
Since X complete, we get x n → x and y n → y as n → ∞ for some x, y ∈ X. Finally, we prove that (x, y) is a coupled fixed point of F. Since F is a continuous, taking n → ∞ in (.), we get Therefore, x = F(x, y) and y = F(y, x), that is, F has a coupled fixed point. This completes the proof.
Corollary . Let (X, ) be a partially ordered set and B be a cone ball-metric induced by the cone metric d on X with a regular cone P such that (X, B) is a complete cone ball-metric space. Let F : X × X → X be a continuous mapping having the mixed monotone property on X. Suppose that there exists k ∈ [, ) such that B F(x, y), F(u, v), F(w, z) + B F(y, x), F(v, u), F(z, w) ≤ E k B(x, u, w) + B(y, v, z) (.) for all x, y, z, u, v, w ∈ X for which x u w and y v z. If there exists x
 , y  ∈ X such that x  F(x  , y  ) and y  F(y  , x  ),
then F has a coupled fixed point, that is, there exist x, y ∈ X such that x = F(x, y) and y = F(y, x).
In the next theorem, we omit the continuity hypothesis of F.
Theorem . Let (X, ) be a partially ordered set and B be a cone ball-metric induced by the cone metric d on X with a regular cone P such that (X, B) is a complete cone ball-metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Suppose that there exists δ ∈ such that B F(x, y), F(u, v), F(w, z) + B F(y, x), F(v, u), F(z, w)
and X has the following property: http://www.fixedpointtheoryandapplications.com/content/2012/1/128
(i) if a nondecreasing sequence {x n } converges to x, then x n x for all n ∈ N, (ii) if a nonincreasing sequence {y n } converges to y, then y y n for all n ∈ N, then F has a coupled fixed point, that is, there exist x, y ∈ X such that x = F(x, y) and y = F(y, x).
Proof By the similar the proof as in Theorem ., we have the nondecreasing sequence {x n } converges to x and the nonincreasing sequence {y n } converges to y for some x, y ∈ X.
By (i), (ii), we get x n x and y n y for all n ∈ N. Thus, by the rectangle inequality of B, we get B F(x, y), x, x + B F(y, x) , y, y
Taking the limit as n → ∞, we have B (F(x, y) , x, x) + B (F(y, x) , y, y) =  E , and thus x = F(x, y) and y = F(y, x). Therefore, F has a coupled fixed point (x, y) in X × X. This completes the proof.
Corollary . Let (X, ) be a partially ordered set and B be a cone ball-metric induced by the cone metric d on X with a regular cone P such that (X, B) is a complete cone ball-metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Suppose that there exists k ∈ [, ) such that B F(x, y), F(u, v), F(w, z) + B F(y, x), F(v, u), F(z, w)
and X has the following property: Proof From Theorem ., we have two sequences {x n }, {y n } in X such that, for all n ≥ ,
and also x n → x and y n → y as n → ∞. Now, we assume that x  y  . Since F has the mixed monotone property, we have x n y n for all n ∈ N. From (.) and property of coneball metric B, we have
This implies
So we have {B(y n , x n , x n )} is a decreasing sequence. Similar to the prove in Theorem ., we get B(y n , x n , x n ) →  E as n → ∞. By the rectangular inequality and (.), we have
From above inequality, taking n → ∞, we obtain that B(y, x, x) =  E and then x = y. This completes the proof.
Theorem . In addition to the hypotheses in Theorem ., suppose that x
Proof By the similar method as in the prove of Theorem . and by applying Theorem ., we can get the conclusion. space. Let F : X × X → X be a mapping having the mixed monotone property on X. Suppose that there exists ϑ ∈ such that
and either (a) F is continuous or (b) X has the following property: (i) if a nondecreasing sequence {x n } converges to x, then x n x for all n ∈ N, (ii) if a nonincreasing sequence {y n } converges to y, then y y n for all n ∈ N, then F has a coupled fixed point.
Proof
For any x, y, z, u, v, w ∈ X with x u w and y v z, it follows from (.) that
From (.) and (.), we have
for all x, y, z, u, v, w ∈ X with x u w and y v z, where
for all a, b ∈ int(P) ∪ { E }. It is easy to verify that δ ∈ . If we apply Theorems . and ., we know that F has a coupled fixed point. For any sequence {a n } in int(P) ∪ { E },
Theorem . Let (X, ) be a partially ordered set and B be a cone ball-metric induced by the cone metric d on X with a regular cone P such that (X, B) is a complete cone ball-metric space. Let F : X × X → X be a mapping having the mixed monotone property on X. Suppose that there exists ξ ∈ such that
for all x, y, z, u, v, w ∈ X for which x u w and y v z If there exists x  , y  ∈ X such that
Proof If we taking δ(a, b) = ξ (a+b) for all a, b ∈ int(P)∪{ E } in Theorem ., then, from (a), we get the conclusion. Also, if we take δ(a, b) = ξ (a + b) for all a, b ∈ int(P) ∪ { E } in Theorem ., then, from (b), we obtain the conclusion. F(x, y) F(y, x) , whenever x y . Suppose that there exists δ ∈ such that B F (x, y), F(u, v), F(w, z) + B F(y, x), F(v, u), F(z, w) ≤ E δ B (x, u, w), B(y, v, z) B(x, u, w) + B(y, v, z) (.)
for all x, y, z, u, v, w ∈ X for which w u x ≺ y v z. If there exists x  , y  ∈ X such that
Proof From the assumption, there exist
Further, the fact x  y  , we get F(x  , y  ) F(y  , x  ). Thus, we now have
Let x  = F(x  , y  ) and y  = F(y  , x  ). From the fact that x  y  and the mixed monotone property, we have
Continuing this procedure, we have two sequences {x n } and {y n } such that for all n ≥ . In view of (.), for all n ≥ , the inequality (.) holds with
The rest of the proof can be completed by repeating the same steps given in Theorem . and Theorem .. This completes the proof.
Example . Let E = R be a usual norm space with a regular cone P = {z ∈ R|z ≥ } and X = N ∪ {} be a cone metric space with a metric d(x, y) = |x -y| for all x, y ∈ X. Then (X, d) is a complete cone metric space. Therefore, we get a cone ball metric B : X × X × X → E such that B(x, y, z) = max{x, y, z} -min{x, y, z}
for all x, y, z ∈ X and so (X, B) is a complete cone ball-metric space. Let a partial order on X be defined as follows: For x, y ∈ X, x y holds if x ≥ E y.
Let F : X × X → X be defined by 
Uniqueness of coupled fixed point in cone ball-metric spaces
In this section, we study the necessary condition for the uniqueness of a coupled fixed point. If (X, ) is a partially ordered set, then we endow the product of X × X with the following partial order relation: for any (x, y), (u, v) ∈ X × X, (x, y) (u, v) ⇐⇒ x u and y v.
Theorem . In addition to the hypotheses in Theorem ., suppose that, for any (x, y), (z, t) ∈ X × X, there exists a point (u, v) ∈ X × X which is comparable to (x, y) and (z, t 
t).
Taking n → ∞ in above inequalities, we have B(z, x, x) + B(y, t, t) =  E , that is, z = x and y = t. For the case when (u  , v  ) = (u, v) (x, y) is similar. This completes the proof.
Theorem . In addition to the hypotheses in Theorem ., suppose that, for any (x, y), (z, t) ∈ X × X, there exists a point (u, v) ∈ X × X which is comparable to (x, y) and (z, t). Then F has a unique coupled fixed point.
